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Granular flows
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“Can we develop a general theory 

of …. the motion of granular 

materials?”

Osborne Reynolds (Re=rVD/m): 

“On the sub-mechanics of the universe”, 1902.

g

Flowing granular 

materials de-mix 

due to size



Granular flows

3

“Can we develop a general theory 

of …. the motion of granular 

materials?”

Osborne Reynolds (Re=rVD/m): 

“On the sub-mechanics of the universe”, 1902.

Karl Jacob: “Can we better 

understand granular 

segregation?” 2010

Yi Fan: “Can we predict 

granular segregation?” 2014

John Hecht: “How can we 

apply this to industrrial 

segregation problems?” 2015
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Three tools to study de-mixing / segregation  &  four questions
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Experiments DEM Simulations

• Can we predict demixing/segregation?

• Can we prevent segregation?

• Can we understand segregation?

• Can we understand segregation of fine particles?

Theoretical Models

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

DiffusionAdvection Segregation



Theoretical model of segregation
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u

Advection due to 

mean flow

wseg

wseg

Segregation of 

two species
Collisional diffusion

(re-mixing)

Flow 

inlet

Bottom of the flowing layer

Free surface



Theoretical model of segregation
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u

Advection due to 

mean flow

wseg

wseg

Segregation of 

two species
Collisional diffusion

(re-mixing)

Flow 

inlet

Bottom of the flowing layer

Free surface

Advection Segregation DiffusionUnsteady

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

Advection-Diffusion Eq.
• Fan, Schlick, Umbanhowar, Ottino & 

Lueptow, JFM 2014

• Drahun & Bridgwater 1983

• Gray & coworkers 2005-11

• Marks et al 2011

• Kowalski & McElwaine 2013

• May et al 2010



Fan, Umbanhowar, Ottino & Lueptow, 

Proc Royal Soc A, 2013

Fan, Umbanhowar, Ottino & Lueptow, PRL, 2015

Transport equation for species volume concentration
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Bottom of 

the flowing 

layer

Free surface

2dγD 

Velocity profile Diffusion coefficient

Advection Segregation DiffusionUnsteady

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖
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+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖



Transport equation for species volume concentration
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Advection Segregation DiffusionUnsteady
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𝜕
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𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖



Transport equation for species volume concentration
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wseg,s

Advection Segregation DiffusionUnsteady

𝜕𝑐𝑖

𝜕𝑡
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𝜕𝑐𝑖
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𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖



Transport equation for species volume concentration
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wseg,s

wseg,l

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖

where ሶ𝛾 is the shear rate &

S depends on size ratio, R = dl / ds

Fan, Schlick, Umbanhowar, Ottino & Lueptow, JFM 2014

Savage & Lun, JFM 1988 (kinetic sieve)

Advection Segregation DiffusionUnsteady

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖
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𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

g



Transport equation for species volume concentration
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Advection Segregation DiffusionUnsteady

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
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𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
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g

𝑞

wseg

wseg

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖

where ሶ𝛾 is the shear rate &

S depends on size ratio, R = dl / ds

Fan, Schlick, Umbanhowar, Ottino & Lueptow, JFM 2014

Savage & Lun, JFM 1988 (kinetic sieve)



Schlick, Fan, Umbanhowar, Ottino & Lueptow, JFM, 2015

Does the model work?

12

Rotating tumbler (transient)
• u, w from theory

• wseg , D from DEM for heap flow

Advection Segregation DiffusionUnsteady

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

Large

Small
Small

Large

Fan, Schlick, Umbanhowar, Ottino &    Lueptow, JFM, 2014



Comparisons with experiments and DEM simulations 
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DEM Simulation
Polydisperse 

continuum model

Discharge fraction

A
v
e

ra
g

e
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ia
m

e
te

r

Experiment

Xiao, Fan, Jacob, Umbanhowar, Kodam, Koch & Lueptow, Chem Eng Sci 2019

Deng, Fan, Theurkauf, Jacob, Umbanhowar & Lueptow, Powder Technol 2020

Theory

Experiment

Polydisperse Continuum Model

Large

Small



Density segregation

3 mm steel & 

ceramic particles

14

Xiao, Umbanhowar, Ottino & 

Lueptow, Proc Royal Soc A, 2016
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𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖

where S depends on density ratio, Rr

Xiao, Umbanhowar, Ottino & 

Lueptow, Proc Royal Soc A, 2016



Determining segregation parameter S for actual mixtures

small

large

𝑞

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖

16

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b



Determining segregation parameter S for actual mixtures

𝑞

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖
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Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b



𝑆𝑡𝑟𝑒𝑎𝑚𝑤𝑖𝑠𝑒 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛

𝑐 𝑖

Determining segregation parameter S for actual mixtures

𝜕𝑐𝑖

𝜕𝑡
+

𝜕 𝑢𝑐𝑖

𝜕𝑥
+

𝜕 𝑤𝑐𝑖

𝜕𝑧
+ 𝑆

𝜕

𝜕𝑧
ሶ𝛾 1 − 𝑐𝑖 𝑐𝑖 −

𝜕

𝜕𝑥
𝐷

𝜕𝑐𝑖

𝜕𝑥
+

𝜕

𝜕𝑧
𝐷

𝜕𝑐𝑖

𝜕𝑧
= 0

small

large

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖

18

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b



𝑆𝑡𝑟𝑒𝑎𝑚𝑤𝑖𝑠𝑒 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛

𝑐 𝑖

Determining segregation parameter S for actual mixtures

𝜕𝑐𝑖
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𝜕𝑥
+
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+ 𝑆
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𝜕𝑥
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𝜕𝑐𝑖

𝜕𝑥
+

𝜕

𝜕𝑧
𝐷
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𝜕𝑧
= 0

Adjust S to fit data

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b

small

large

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶ𝛾 1 − 𝑐𝑖
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Zhao, Xiao, Umbanhowar & 

Lueptow, AIChE J, 2018

Can we predict demixing/segregation? -- YES

20

Advection Segregation Diffusion

Kinematics and Geometry

Size Bidisperse

Unsteady

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)
Fan, Schlick, 

Umbanhowar, Ottino & 

Lueptow, JFM, 2014

Rod-like ParticlesSize Polydisperse

Density Bidisperse

𝜕𝑐𝑖
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𝜕𝑐𝑖
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𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖



Three tools to study de-mixing / segregation  &  four questions
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Experiments DEM Simulations

• Can we predict demixing/segregation?

• Can we prevent segregation?

• Can we understand segregation?

• Can we understand segregation of fine particles?

Theoretical Models

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

DiffusionAdvection Segregation



Preventing de-mixing/segregation
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g

large

small

Size (S-system)
g

large/heavy

small/light

Size + density (SD-system)
g

light

heavy

Density (D-system)

Can we design non-segregating mixtures by balancing effects of size and density?  

𝑅𝑑 =
𝑑𝑙

𝑑𝑠
𝑅𝜌 =

𝜌𝑙

𝜌𝑠

Can we design non-segregating mixtures by balancing shape effects?  

g



Zhao, Xiao, Umbanhowar & 

Lueptow, AIChE J 2018

Combined size and density segregation
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Advection Segregation Diffusion

Kinematics and Geometry

Size Bidisperse

Unsteady

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)
Fan, Schlick, 

Umbanhowar, Ottino 

& Lueptow, JFM 2014

Rod-like ParticlesSize Polydisperse

Density Bidisperse

𝜕𝑐𝑖
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+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖



𝑞

• Wide range of shear rates ሶ𝛾 and 

particle concentrations 𝑐𝑖

• 350 simulations with different size 

ratios 𝑅𝑑 and density ratios 𝑅𝜌

• Measure segregation velocity 𝑤𝑠𝑒𝑔

wseg

wseg

Combined size and density segregation in bounded heap flow

24



Ƹ𝑐𝑙 = 0.2

Ƹ𝑐𝑙 = 0.8

Ƹ𝑐𝑙 = 0.5

Combined size-density segregation
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𝑅𝑑 = 2

𝑅𝜌 = 4

Segregation 

direction depends 

on local 

concentration

1 − 𝑐𝑖

Normalized segregation velocity

Large particle feed 

concentration:
𝑤𝑠𝑒𝑔,𝑖/ ሶ𝛾𝑑𝑠

Large, heavy

Small, light

Segregation flux: 

𝛷𝑖 = 𝑤𝑠𝑒𝑔,𝑖𝑐𝑖

No 

segregation! 

Small, light

Large, heavy

cl,eq



1 2 3 4 5
1

1.5

2

2.5

3

𝑅𝜌

𝑅
𝑑

0.6
0.7
0.8
0.9
1

Rise

Sink

26

Iso contours for non-segregating 
concentration, cl,eq

Duan, Umbanhowar, Ottino & Lueptow, AIChE J, 2023

Duan, Umbanhowar, Ottino & Lueptow, JFM, 2021
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Equilibrium phase diagram for non-segregating mixtures 
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𝑅𝜌 = 3

Consider a 60-40 mixture of large 
steel and small glass particles

𝑐𝑙,𝑒𝑞 = 0.6

Iso contours for non-segregating 
concentration, cl,eq

𝑅𝑑 ≈ 1.3, no 
segregation

Duan, Umbanhowar, Ottino & Lueptow, AIChE J, 2023

Duan, Umbanhowar, Ottino & Lueptow, JFM, 2021

Equilibrium phase diagram for non-segregating mixtures 



Equilibrium phase diagram for non-segregating mixtures 
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Large/Heavy

Small/Light

Small/Light

Can we prevent segregation? -- YES

Duan, Umbanhowar, Ottino & Lueptow, AIChE J, 2023

1 2 3 4 5
1

1.5

2

2.5

3

𝑅𝜌

𝑅
𝑑

0.6
0.7
0.8
0.9
1

Rise

Sink

Iso contours for non-segregating 
concentration, cl,eq

𝑅𝑑 ≈ 1.3, no 
segregation

Duan, Umbanhowar, Ottino & Lueptow, JFM, 2021



Preventing de-mixing/segregation
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g

large

small

Size (S-system)
g

large/heavy

small/light

Size + density (SD-system)
g

light

heavy

Density (D-system)

Can we design non-segregating mixtures by balancing effects of size and density? -- YES 

𝑅𝑑 =
𝑑𝑙

𝑑𝑠
𝑅𝜌 =

𝜌𝑙

𝜌𝑠

Can we design non-segregating mixtures by balancing shape effects? 

g
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segregation



Heap flow of non-spherical particles
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Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021

1

2 2 12

1

s
s s ssx y z

a b c

 
+ + = 

 
 

s1=s2=2 s1=8    s2=2 s1=20    s2=2

a=b=c=1

Edge curvature

Aspect Ratio

Super-ellipsoids

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Segregation of disk and rods
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Red particles rise
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S/ds,eqiv

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Segregation of disk and rods
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Red particles rise

Blue particles rise

S=0,  no segregation

S/ds,eqiv

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Segregation of disk and rods
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Equal volume particles

S=0,  no segregation

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Segregation dependence on volume ratio
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 : cylinder/cylinder
 

Volume ratio
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𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Segregation dependence on volume ratio
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 : cylinder/cylinder

 : sphere/cylinder
 

Volume ratio
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Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Segregation dependence on volume ratio
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 : cylinder/cylinder

 : sphere/cylinder

x : sphere/sphere 
Schlick, Fan, Isner, Umbanhowar, Ottino & Lueptow, AIChE J 2015 

Equal volume particles results 

in minimal segregation

Volume ratio

S
/d

e
q

u
iv

𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020



Preventing de-mixing/segregation
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g

large

small

Size (S-system)
g

large/heavy

small/light

Size + density (SD-system)
g

light

heavy

Density (D-system)

Can we design non-segregating mixtures by balancing effects of size and density? -- YES 

𝑅𝑑 =
𝑑𝑙

𝑑𝑠
𝑅𝜌 =

𝜌𝑙

𝜌𝑠

Can we design non-segregating mixtures by balancing shape effects? -- YES

g

Equal volume particles 

for no segregation

1 2 3 4 5
1

1.5

2

2.5

3

𝑅𝜌

𝑅
𝑑

0.6
0.7
0.8
0.9
1

Rise

Sink

Balance size, density, & 

concentration for no 

segregation



Three tools to study de-mixing / segregation  &  four questions
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Experiments DEM Simulations

• Can we predict demixing/segregation?

• Can we prevent segregation?

• Can we understand segregation?

• Can we understand segregation of fine particles?

Theoretical Models

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

DiffusionAdvection Segregation



Single intruders
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Virtual spring to measure force 

on intruder

Guillard, Forterre & Pouliquen, JFM 2016

Fseg = mg + Fspring

Fseg

Fspring

Equilibrium Rise or sink? Velocity?
(no spring)

mg

Fseg

mg

OR

W=rgVi

FsegFd

𝑤𝑖 = ?

Intruder



Single intruder – segregation force
Experimental intruder data

D
e
n
s
it
y
 r

a
ti
o
, 

R
⍴
 =

 ⍴
 /⍴

b

Size ratio, R = di /d

Felix & Thomas, PRE, 2004

Prediction for 

neutral situation

Jing, Ottino, Lueptow & Umbanhowar, PRRes 2020

Jing, Ottino, Lueptow & 

Umbanhowar, JFM 2021

𝐹𝑠𝑒𝑔 = 𝑓𝑔(𝑅)𝜌𝑔𝑉𝑖+𝑓𝑘(𝑅)𝑝
ሶ𝛾
𝜕 ሶ𝛾
𝜕𝑧

𝑉𝑖

gravity/

buoyancy
kinematics

Jing, Ottino, Lueptow & 

Umbanhowar, PRRes 2020

W=rgVi

FsegFd

𝑤𝑖 = ?

Intruder

40
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Single intruder -- drag force (the Cd –Re relation)

𝐶
𝑑

=
2

𝐹 𝑑

𝜌
𝑣

𝑡2
𝐴

𝑖

𝐶𝑑 =
24

𝑅𝑒

𝑅𝑒 =
𝜌𝑣𝑡𝑑𝑖

𝜂

Stokes:

Oseen

Samal, Blanco, 

Appl Scien 2021

𝑪𝒅 =
𝟐𝟒

𝑹𝒆

Stokes:

Stokes Drag:  

Fd = 3p di h vt

D = 2p di h vt  +  p di h vt 

Friction drag Form drag

𝑪𝒅 =
𝟖

𝑹𝒆

Form drag:

where 1 ≤ c ≤ 3 

Jing, Ottino, Umbanhowar & Lueptow, JFM 2022

Stokes-like Drag:  

Fd = c p di h vt

W=rgVi

FsegFd

𝑤𝑖 = ?

Intruder



Single intruder extension to mixtures
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𝐹𝑟𝑒𝑠,𝑙 =
𝐾𝑟 ҧ𝑧𝑙 − ҧ𝑧𝑠

𝑁𝑙

𝐹𝑟𝑒𝑠,𝑠 = −
𝐾𝑟 ҧ𝑧𝑙 − ҧ𝑧𝑠

𝑁𝑠𝑃0 𝑈

𝑔

𝑥

𝑧
𝑦

Single 

intruder 

segregation 

force

0 0.5 1
0

1

2

0 0.5 1
0

1

2

0 0.5 1
0

1

2

෠ 𝐹 𝑖

𝑐𝑖

Large

Small

෠𝐹𝑙,0 

෠𝐹𝑠,0 

෡𝐹𝑖 =
𝐹𝑠𝑒𝑔,𝑖

𝑚𝑖𝑔

𝑑𝑙/𝑑𝑠 = 2

Duan, Jing, Umbanhowar, Ottino & Lueptow, JFM 2022

Mixture

𝑐𝑙 ≈ 1 

𝑐𝑠 ≈ 1 

Mixture

W=rgVi

FsegFd

𝑤𝑖 = ?

Intruder
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Connecting segregation and drag forces to gravity-driven segregation

𝑊 = 𝐹𝑠𝑒𝑔 + 𝐹𝑑

𝐹𝑑 = −𝑐𝜋𝜂𝑑𝑖𝑤𝑖

𝜕𝑐𝑖

𝜕𝑡
+ ∇ ∙ 𝒖𝑐𝑖 +

𝜕

𝜕𝑧
𝑐𝑖𝑤𝑠𝑒𝑔,𝑖 = ∇ ∙ 𝐷𝛻𝑐𝑖

Jing, Ottino, Umbanhowar, 

& Lueptow, JFM 2022

0 0.5 1
0

1

2

0 0.5 1
0

1

2

0 0.5 1
0

1

2

෠ 𝐹 𝑖

𝑐𝑖

Large

Small

෠𝐹𝑙,0 

෠𝐹𝑠,0 

Single 

intruder 

segregation 

force

෡𝐹𝑖 =
𝐹𝑠𝑒𝑔,𝑖

𝑚𝑖𝑔

𝑑𝑙/𝑑𝑠 = 2

Duan, Jing, Umbanhowar, Ottino & Lueptow, JFM 2022

Mixture

?

𝐹𝑠𝑒𝑔 = 𝑓𝑔𝜌𝑔𝑉𝑖 + 𝑓𝑘
𝑝

ሶ𝛾
𝜕 ሶ𝛾
𝜕𝑧

𝑉𝑖
Jing, Ottino, Umbanhowar, 

& Lueptow, JFM 2021

𝑐𝑙 ≈ 1 

W=rgVi

FsegFd

𝑤𝑖 = ?

Intruder

𝑐𝑠 ≈ 1 



Three tools to study de-mixing / segregation  &  four questions
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Experiments DEM Simulations

• Can we predict demixing/segregation?

• Can we prevent segregation?

• Can we understand segregation?

• Can we understand segregation of fine particles?

Theoretical Models

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

DiffusionAdvection Segregation



Segregation of fine particles (R > 3)

Shear-driven percolation for R < 3

Small

45

Free-sifting

(a) (b)

Critical size ratio:

 𝑅𝑐𝑟 =
𝑑𝑙

𝑑𝑠
=

2

3
− 1

−1
= 6.464

versus



Fine particle percolation in a static bed of large particles: a quick check

Passing regime: 𝑅 = 6.5 > 𝑅𝑐𝑟 = 6.464 Trapping regime: 𝑅 = 5.0 < 𝑅𝑐𝑟 = 6.464

46
Gao, Ottino, Umbanhowar & Lueptow, PRE 2023

𝑣𝑝 𝑣𝑝

𝑣𝑝 →0

Non-interacting fine particles Non-interacting fine particles



Percolation velocity in a static bed of large particles: trapping and passing regimes

Passing

Trapping

47

Gao, Ottino, Umbanhowar & Lueptow, PRE 2023

Τ
𝑣 𝑝

𝑔
𝑑

𝑙

𝜑

𝑣𝑝 →0

R = 6.5

R = 7.5

R = 6.0

R = 4.0

R = 7.0

R = 5.0

47
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Percolation velocity in a sheared bed of large particles
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Fine Particle Percolation

𝑅 = 7 > 𝑅𝑐𝑟

Free sifting Fine 

particle 

excitation

Τ
𝑣 𝑝

𝑔
𝑑

𝑙

Simulation by Dhairya Vyas

ሶ𝛾 Τ𝑑𝑙 𝑔

Gao, Ottino, Lueptow & Umbanhowar, in preparation, 2023
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Percolation velocity in a sheared bed of large particles

Fine Particle Percolation

𝑅 = 7 > 𝑅𝑐𝑟

Free sifting Fine 

particle 

excitation

𝑅 = 4

Fine particle 

mobilization

ሶ𝛾 Τ𝑑𝑙 𝑔

Τ
𝑣 𝑝

𝑔
𝑑

𝑙

Simulation by Dhairya Vyas
Gao, Ottino, Lueptow & Umbanhowar, in preparation, 2023
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Fine Particle Percolation

𝑅 = 2

𝑅 = 5

𝑅 = 7 > 𝑅𝑐𝑟

Free sifting Fine 

particle 

excitation

Fine particle 

mobilization

𝑅 = 4

ሶ𝛾 Τ𝑑𝑙 𝑔

Shear-induced 

excitation

Shear-induced 

mobilization

Τ
𝑣 𝑝

𝑔
𝑑

𝑙

Simulation by Dhairya Vyas

Previous work:

Khola…Wassgren, Powd Tech, 2016

Trewhela…Gray, JFM, 2021
Gao, Ottino, Lueptow & Umbanhowar, in preparation, 2023

Percolation velocity in a sheared bed of large particles

50



What’s the point?
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𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

Small

Large

1.  Predict segregation 2. Prevent segregation

Mixing depends on Rr, 

Rd, and c 

Can we predict segregation?

Can we prevent segregation?

Can we understand segregation?

Can we understand segregation of fine particles?

Equal volume particles 

mix regardless of shape

3. Particle level forces

Single 

intruder
𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

4. Fine particles



What is next?
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• Forces on a particle

▪ Can we connect particle forces to segregation velocity?

▪ Can we measure the lift forces on a particle due to slip 

or rotation?

• Free sifting for Rd > 3

Rd = 6

𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

Fext

Simulation by Song Gao



Thanks to…..
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“Can we develop a general theory of …. 

the motion of granular materials?”
Osborne Reynolds (Re=rVD/m): 

“On the sub-mechanics of the universe”, 1902.

Karl Jacob: “Can we better 

understand granular 

segregation?” 2010

Yi Fan: “Can we predict granular 

segregation?” 2014

John Hecht: “How can we apply 

this to industrrial segregation 

problems?” 2015

ZHEKAI DENG, YIFEI DUAN, YI FAN, BEN FREIREICH, ALEX FRY, SONG GAO, HANTAO HE, JOHN HECHT, 

AUSTIN ISNER, KARL JACOB, LU JING, RYAN P. JONES, JAMES F. KOCH, MADHUSUDHAN KODAM, 

JULIO M. OTTINO, CONOR SCHLICK, JÖRG THEUERKAUF, PAUL B. UMBANHOWAR, 

VIDYA VIDYAPATI, HONGYI XIAO, MENGQI YU, ZAFIR ZAMAN, 

QIONG ZHANG, YONGZHI ZHAO

Funded by NSF CMMI-1000469, CBET-1511450, CBET-1929265

In collaboration with Procter & Gamble and The Dow Chemical Company



Questions?
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𝜕𝑐𝑖

𝜕𝑡
+ 𝑢

𝜕𝑐𝑖

𝜕𝑥
+ 𝑤

𝜕𝑐𝑖

𝜕𝑧
+

𝜕

𝜕𝑧
𝑤𝑠𝑒𝑔,𝑖𝑐𝑖 = 𝛻 ⋅ 𝐷𝛻𝑐𝑖

Small

Large

1.  Predict segregation 2. Prevent segregation

Mixing depends on Rr, 

Rd, and c 

Can we predict segregation?

Can we prevent segregation?

Can we understand segregation?

Can we understand segregation of fine particles?

Equal volume particles 

mix regardless of shape

3. Particle level forces

Single 

intruder
𝑤𝑠𝑒𝑔,𝑖 = 𝑆 ሶγ(1 − 𝑐𝑖)

4. Fine particles
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