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Granular flows

Osborne Reynolds (Re=pVD/u): “Can we develop a general theory
“On the sub-mechanics of the universe”, 1902. of .... the motion of granular
materials?”

Flowing granular

materials de-mix
\ due to size
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Granular flows

Karl Jacob: “Can we better
understand granular
segregation?” 2010

Yi Fan: “Can we predict
granular segregation?” 2014

Osborne Reynolds (Re=pVD/): “Can we develop a general theory
“On the sub-mechanics of the universe”, 1902. of ....the °f granular

! John Hecht: “How can we
apply this to industrrial
segregation problems?” 2015
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Three tools to study de-mixing / segregation & four questions

Theoretical Models

Experiments

DEM Simulations

aCi aCi aCi 0
S + u—— + w—— + a(wseg,ici) =V -(DV¢)

\ J \ J Y

T T

Advection Segregation Diffusion

Can we predict demixing/segregation?

Can we prevent segregation?

Can we understand segregation?

Can we understand segregation of fine particles?
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Theoretical model of segregation

Bounded heap\ Inglined chute Q

Free surface
LL

Flow
inlet

Bottom of the flowing layer
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Theoretical model of segregation

0cl Advection-Diffusion Eq.
(Wseg lcl) V- (DVCL) « Fan, Schlick, Umbanhowar, Ottino &
Lueptow, JFM 2014

| \ | « Drahun & Bridgwater 1983
Y - Gray & coworkers 2005-11
Unsteady Advectlon Segregatlon Diffusion « Marks et al 2011
+ Kowalski & McElwaine 2013
* May et al 2010

Free surface

Weeg l %Q
LI % Weeg I

Flow
inlet

Advection due to Segregation of Collisional diffusion
mean flow two species (re-mixing)

Bottom of the flowing layer
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Transport equation for species volume concentration

acl C;
+ V- \'
ot x (‘) ' %
\ Y J | Y
Unsteady Advection Segregatlon Dn‘fusmn

] \
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Transport equation for species volume concentration

dc; dc; dc;
0_+u$+w_+_(‘) V- (DVc;)

\ J |
Unsteady Advection Segregatlon Dn‘fusmn
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Transport equation for species volume concentration

dc; dc; dc;
0_+u$+w_+_(‘) V- (DVc;)

\ J |
Unsteady Advection Segregatlon Dn‘fusmn
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Transport equation for species volume concentration

dc; dc; dc;
0_+u$+w_+_(‘) V- (DVc;)

\ J |
Unsteady Advection Segregatlon Dn‘fusmn

wW

seg;l

Wseg,i = S)./(l — Ci)

where y is the shear rate &
S depends on size ratio, R = d,/ dg

Fan, Schlick, Umbanhowar, Ottino & Lueptow, JFM 2014
Savage & Lun, JFM 1988 (kinetic sieve)

-
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Transport equation for species volume concentration

dc; ac; ac;
0_+uﬁ+w_+_(‘) V- (DVc;)

\ J |
Unsteady Advection Segregatlon Dn‘fusmn

Wseg,i = S)./(l — Ci)

where y is the shear rate &
S depends on size ratio, R = d,/ dg

Fan, Schlick, Umbanhowar, Ottino & Lueptow, JFM 2014
Savage & Lun, JFM 1988 (kinetic sieve)

-
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Does the model work?

Rotating tumbler (transient)
* U, W from theory

aC . Dt for heap fl
e i) — 7 'Ci) Wseg , D from DEM for heap flow
J |\ }
|

Unsteady Advectlon Segregatlon Diffusion
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Comparisons with experiments and DEM simulations

Polydisperse
continuum model

0.8

Experiment DEM Simulation

06T

m)

0.4

027

0 0.2 0.4
z (m)

z (m)

Polydisperse Continuum Model

a Jt)
w—FV(U'C(X, t a))
a dma.x
o / S(a, B)ie(x, t, a)e(x, t, B)dp

= V-(DVe(x,t,a))

Xiao, Fan, Jacob, Umbanhowar, Kodam, Koch & Lueptow, Chem Eng Sci 2019
Deng, Fan, Theurkauf, Jacob, Umbanhowar & Lueptow, Powder Technol 2020
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Density segregation

Xiao, Umbanhowar, Ottino &
Lueptow, Proc Royal Soc A, 2016
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Density segregation

Wseg,i = S)./(l - Ci)

where S depends on density ratio, R,

Bounded heap \_}

Xiao, Umbanhowar, Ottino &
Lueptow, Proc Royal Soc A, 2016
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Determining segregation parameter S for actual mixtures

‘ Wseg,i = Sy(1— Ci)

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a
Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b
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Determining segregation parameter S for actual mixtures

‘ Wseg,i = Sy(1— Ci)

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a
Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b
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Determining segregation parameter S for actual mixtures
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‘ Wseg,i = Sy(1— Ci)

1 ‘ ‘ ‘ ‘ \
| P
0.8}
small ocp o
0.6 (0%
o 9
0.4 lo %
| R
0.2 arge
o
0 — Qo003

0 0.2 0.4 0.6 0.8 1

Streamwise location

dt

dc; N d(ucy) n o(wey) -+ Si[]'/(l — el - [i (D %> * : (D %>] )

Ox 0z 0z ox\_ ox) oz

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a
Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b
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Determining segregation parameter S for actual mixtures

‘ Wseg,i = Sy(1— Ci)

O 0uc) | 0We) (B 11 el - [% (D 2—;) - i(D a—c>] =

Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020a
Fry, Vidyapati, Hecht, Umbanhowar, Ottino & Lueptow, Powder Technol 2020b
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Can we predict demixing/segregation? -- YES

Northwestern | ENGINEERING

|

aCi + Oci + Oci N 6 @ ) _y (DV )
at \”ax Waz} \az "}_\ C"}
! | f

Unsteady Advection Segregation Diffusion

Wseg,i = Sy(1—c¢)

20

Fan, Schlick,
Umbanhowar, Ottino &
Lueptow, JFM, 2014



Three tools to study de-mixing / segregation & four questions

Theoretical Models

Experiments

DEM Simulations

aCi aCi aCi 0
S + u—— + w—— + a(wseg,ici) =V -(DV¢)

\ J \ J Y

T T

Advection Segregation Diffusion

« Can we prevent segregation?
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Preventing de-mixing/segregation

[lg o Size (S-system) ) (lg O ODensity (D-syster&
o~O O o
8OCO) O%OO Cc)fC))O%O OOO
SRE530° 1) 295G
%O\Q large OOO@ light
\ small / heavy /
4 P1
R, = — p =H
. ? ps

( Size + density (SD—system\)

g
0O
| 590
QL9 O 0Q large/heavy
0(8 (0]9)
@ smallllight

Can we design non-segregating mixtures by balancing effects of size and density?

Northwestern | ENGINEERING

Can we design non-segregating mixtures by balancing shape effects?
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Combined size and density segregation
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|

Unsteady Advection Segregation

Wseg,i = Sy(1 —¢)

23

aCi + Oci + Oci N 6 “ ) _y (DV )
at \”ax Waz} \az "}_\ C"}
! | f

Diffusion

Fan, Schlick,
Umbanhowar, Ottino
& Lueptow, JFM 2014



Combined size and density segregation in bounded heap flow

Northwestern | ENGINEERING

24

350 simulations with different size
ratios Ry and density ratios R,

Measure segregation velocity wy,

Wide range of shear rates y and
particle concentrations c;



Combined size-density segregation

Large particle feed
concentration: &, =08

Northwestern | ENGINEERING

Segregation flux:

b; = Wseg,iCi

25

Normalized segregation velocity

0.2

Wseg,i/yds 6 QI o o

-0.2

-0.4

Large, heavy

Segregation
direction depends
on local

concentration

0.5
1— C;

Clieq Small, light

~ No _
segregation!

0.5
i



Equilibrium phase diagram for non-segregating mixtures

-0.05 R

CI q C},e C/ q
0 0.5 1
C|
Duan, Umbanhowar, Ottino & Lueptow, JFM, 2021
Northwestern | ENGINEERING

Duan, Umbanhowar, Ottino & Lueptow, AIChE J, 2023
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Equilibrium phase diagram for non-segregating mixtures

Iso contours for non-segregating
concentration, ¢;,,

Consider a 60-40 mixture of large
steel and small glass particles
R, =3
i~ Cl,eq - 0-6
A«
R; = 1.3,n0
segregation

Duan, Umbanhowar, Ottino & Lueptow, JFM, 2021

Duan, Umbanhowar, Ottino & Lueptow, AIChE J, 2023
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Equilibrium phase diagram for non-segregating mixtures

Can we prevent segregation? -- YES

Iso contours for non-segregating

concentration, ¢, /
3

T T

o
<
(S
f=2

o \\ o

2.5 {
Large/Heavy
m"@ 2 :Rlse
Small/Light
1.5 1 0.6
R; = 1.3,n0 ; >8:;
. b Q)
segregation J - 09
1 N an a )
1 2 3 4 )
R,

Duan, Umbanhowar, Ottino & Lueptow, JFM, 2021

Duan, Umbanhowar, Ottino & Lueptow, AIChE J, 2023
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Preventing de-mixing/segregation

[ Size (S-system) \

-4

Ry

[ Size + density (SD-system\)

% co@
@59 e
0P large/heavy
O% (0J9)
\Q small/light
\§ J

POo00
OO

Balance size, density, &
concentration for no
segregation

Can we design non-segregating mixtures by balancing shape effects?
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Heap flow of non-spherical particles

Super-ellipsoids

Edge curvature
$,=5,=2 ;=8 s,=2 s,=20 s;=2

Aspect Ratio
a=b=c=1

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021
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Segregation of disk and rods

S
L

4
35 ¢F
© 3
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2
o 25
(D)
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ﬁe Wseg,i (1—¢)

S/ds,eqiv

— Red particles rise

— Blue particles rise

P Q 0.33
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0.4 05 057 067 08
Diameter Ratio (red/blue)

' @@

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020

- Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021



Segregation of disk and rods

ﬂg i‘ Wseg,i (1—c¢)
4 -
35 - S/ds,eqiv
3 0.15 . .
o 3 o o TSI <— Red particles rise
3 no segregatior 01
E 25 g 5 ‘ 0.05
Q 0
T %f °
D;: 1.75 | 5 0.05
=) y
S 16} ° o
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1.25 | °
-0.2 ] )
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1 O o 0 o — ° -0.25
0.4 05 057 067 0.8 1 G .
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Segregation of disk and rods

io Wseg,i (1 _ Ci)

S
9

41
a5 i S/ds,eqiv
0.15 . .
o 3 <— Red patrticles rise
5 0.1
8 25 i 0.05
e : 0
g -
= 175 | -0.05
o | 01
S 15}
— I N, -0.15
1.25 | o e
[ ¥ 0.2 _ _
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1+:Q C 0 ¢ 0O eo0 -0.25

033 04 05 057 067 08 1
BO Diameter Ratio (red/blue)/ €é

Equal volume particles
Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020

Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021
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Segregation dependence on volume ratio

Wseg,i (1 — Ci)

o : cylinder/cylinder 7@ //

1071 10° 101

Ry

Volume ratio

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020
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Segregation dependence on volume ratio

S/dequiv

-0.3
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1071

1Y
Rv

Volume ratio

10!

35

Wseg,i (1 — Ci)

o : cylinder/cylinder 7€ ﬁ
o : sphere/cylinder £/ @ ) @

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020
Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021



Segregation dependence on volume ratio

Wseg,i @(1 — Ci)

o : cylinder/cylinder VA ﬁ
o : sphere/cylinder £/ @ ) @
X : sphere/sphere @ o

Schlick, Fan, Isner, Umbanhowar, Ottino & Lueptow, AIChE J 2015

S/dequiv

— - 1 Equal volume particles results
10 19 - in minimal segregation

Ry

Volume ratio

-0.3

Jones, Ottino, Umbanhowar & Lueptow, PRRes 2020
Jones, Ottino, Umbanhowar & Lueptow, PRFluids 2021
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Preventing de-mixing/segregation

( O Size (S-system) \ /lg O Density (D-System\) ( Size + density (SD-system\)
g 0O 9 50
l OOOOOO ‘2.080 l OOO.OO.
008020 Srey<eifere @0 Q@30
0P8R 50 @ Q 000 ﬁ 9 0@ large/heavy
00 large © o0 ligh O
Q o Q ight Q @)
o V7 <l oV1 OQ smallllight
\_ /L heawy /' \_ J
_ d; __ P
Rd — d_ Rp - Balance size, density, &
S Ps concentration for no
Can we design non-segregating mixtures by balancing effects of size and density? -- YES | segregation

Can we design non-segregating mixtures by balancing shape effects? -- YES

Northwestern | ENGINEERING 37
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Three tools to study de-mixing / segregation & four questions

Theoretical Models

Experiments

DEM Simulations

aCi aCi aCi 0
S + u—— + w—— + a(wseg,ici) =V -(DV¢)

\ J \ J Y

T T

Advection Segregation Diffusion

 Can we understand segregation?

Northwestern | ENGINEERING 38



Single intruders

Intruder

Fa AlF

seg

Wi=?

W=pgV,

Northwestern | ENGINEERING

Virtual spring to measure force
on intruder

Guillard, Forterre & Pouliquen, JFM 2016

Fseg: mg + F

spring
I:seg
mg I:spring
Equilibrium

OR

4 F

D

mg

seg

\ 4

Rise or sink? Velocity?
(no spring)



Single intruder — segregation force

Experimental intruder data

Intruder
seg
C2 e
—_ I - w vV VvV Yy \ 4
W=pgV, x| Ve Ln AAv vV YWY
% \ Ay v v v
o
; 1w o f @
pay 2 | Yadast Aa A
Seg fg(R)ng +fk(R)yaZV é ' f“ 7 NN N
" 0 rise
gravity. kinematics ' ' l ' '
buoyancy 0O 1 2 3 4 5 6
Size ratio, R =d;/d Prediction for
Jing, Ottino, Lueptow & Jing, Ottino, Lueptow & neutral situation
Umbanhowar, PRRes 2020 Umbanhowar, JFM 2021

Jing, Ottino, Lueptow & Umbanhowar, PRRes 2020
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Single intruder -- drag force (the C,—Re relation)

Intruder

Stokes-like Drag: Stokes Drag:

=

seg

Fd
Fd:CTCdith Fd:3ﬂ:di77Vt

where 1£c<3

:Zﬂ:di 77Vt+ dei 77Vt

Friction drag Form drag

1000
Samal, Blanco,
Appl Scien 2021

~ 100 W
N .

= - [
2 o lme 10 E
— N | 2 E e

= < S < « T T T ppa
3 o .
~ I Laminar separation

Il S 1 & turbulent wake

3
S Stokes:

0.1 24 o ©
M 4= Re -
e \\ —
Turbulent separation
I & wrbulent wake
()-()l A PRI Sededededdddl, il A d i liaisl Dbl b dddl e bdddd, kbl Al
0.1 I 10 100 1000 10° 10° 10°
# B — ;
Re. = pdw/n pv.d;
Re =
Jing, Ottino, Umbanhowar & Lueptow, JFM 2022 n
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Single intruder extension to mixtures

Intruder Mixture

Fq

Single o Fsegi
intruder
segregation

force \

">
Il

Duan, Jing, Umbanhowar, Ottino & Lueptow, JFM 2022
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Connecting segregation and drag forces to gravity-driven segregation

Intruder

I:d |:seg

Wi=?

W=pgV,

Eseg = fgngi +fk% j

Northwestern | ENGINEERING

W = Feq + Fy4

Jing, Ottino, Umbanhowar,

& Lueptow, JFM 2022

Single _
intruder
segregation

force \

">
Il

Jing, Ottino, Umbanhowar,

& Lueptow, JFM 2021

dc

0

—ti+V-(ucl~)+

0
E (CiWseg,i) =V (DVCi)

43

Mixture

Duan, Jing, Umbanhowar, Ottino & Lueptow, JFM 2022



Three tools to study de-mixing / segregation & four questions

Experiments DEM Simulations Theoretical Models

R
ol
i
g A 18
e
be..-

aCi aCi aCi 0
S + u—— + w—— + a(wseg,ici) =V -(DV¢)

\ J \ J Y

T T

Advection Segregation Diffusion

« Can we understand segregation of fine particles?
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Segregation of fine particles (R > 3)

Shear-driven percolation for R < 3

Northwestern | ENGINEERING
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Versus

Free-sifting

Critical size ratio:

R, = % = (% - 1)_1 = 6.464



Fine particle percolation in a static bed of large particles: a quick check

Passing regime: R = 6.5 > R,, = 6.464 Trapping regime: R = 5.0 < R, = 6.464

Non-interacting fine particles Non-interacting fine particles

.....................................
......................................

46 Gao, Ottino, Umbanhowar & Lueptow, PRE 2023
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Percolation velocity in a static bed of large particles: trapping and passing regimes

Passing regime: R = 6.5 > R, = 6.464

0.3 . . . :
58 8 R=75 _
goEl O~~~ 3t Passing .
-+ O R =sa -
S aoBeg
02+ ~R=4.0 O~ o
N 5 ¥R-4.
g S
20.15} _ > >
~ Trapping
b
0.1F
0.05f
0 L 1 L L 1
0.52 (65 0.58 0.61 0.64

z

Gao, Ottino, Umbanhowar & Lueptow, PRE 2023
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Percolation velocity in a sheared bed of large particles

025 A a 4o Jdhsan,
R=7>R, A _
I Free sifting A Fine
0.2 A particle
. A excitation
< 0.15 A .
>
A
\l
|§Q 0.1 A T
A
0.05 .
AA
A
0 11l 1aaal T
10™ 10 10° 10’
yvai/g
Gao, Ottino, Lueptow & Umbanhowar, in preparation, 2023
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Simulation by Dhairya Vyas

Fine Particle Percolation



Percolation velocity in a sheared bed of large particles

0.25 A A A A 4, M,
R=7>R, A _
Free siftin A Fine
0.2 ’ AA particle
excitation
< 0.15 A 1
00 A
\; ¢
<& 0.1 N o, 1
’ Fine particle 4 N
mobilization ¢ ‘A
0.05F };:‘4 o :A i
o % 4
oL oo . ... . ..
10™ 107 10° 10

yvdi/g

Gao, Ottino, Lueptow & Umbanhowar, in preparation, 2023
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Simulation by Dhairya Vyas

Fine Particle Percolation



Percolation velocity in a sheared bed of large particles

Shear-induced

Shear-induced

mobilization excitation
0.25 A A A A 4 g T
R=7>R,,
Free sifting _ ¥ Fine
0.2¢ v particle |
v A excitation
3 : <4 ®a |
E3015 M ° <<’
<%
~ v ¢
|§" 0.1r ¢ > ‘:6 i
Fine ticl
R=F  mobization "> <
_ >
® o n |:|D_ = DI:
e fppe "0 R
107 1072 10°
YVdai/g

Gao, Ottino, Lueptow & Umbanhowar, in preparation, 2023

Northwestern | ENGINEERING

10°

Previous work:

50

Khola...Wassgren, Powd Tech, 2016
Trewhela...Gray, JFM, 2021

Simulation by Dhairya Vyas

Fine Particle Percolation



What’s the point?

. Can we predict segregation?
Can we prevent segregation?
Can we understand segregation?

Can we understand segregation of fine particles?

1. Predict seqgreqgation 2. Prevent segregation 3. Particle level forces 4. Fine particles
aCi aCi aCi 6 _ o ! ‘ ",
E+ua+W£+£(Wseg,iCi)—V-(DVCl-) ol T v7 Vv v Slnk_ S|ng|e
Y% w v v v v v intruder
Wseg,i = Sy(1—-¢) w!vvﬂ- AAv vV YWY Y

Equal volume particles
mix regardless of shape

C,=2F /(pw?4)
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What is next?

« Forces on a particle

aCi N aCi N aCi n 6
ot " Yox " VWoz "oz

Can we measure the lift forces on a particle due to slip
or rotation?

* Free sifting for Ry > 3

Northwestern | ENGINEERING 52

Can we connect particle forces to segregation velocity?

(w2

106 L

104 E

[¢

102
Re, = pdw/n

104

Simulation by Song Gao



Thanks to.....

Karl Jacob: “Can we better
understand granular
segregation?” 2010

Yi Fan: “Can we predict granular
segregation?” 2014

Osborne Reynolds (Re=pVD/y): “Can we develop a general theory of ....

“On the sub-mechanics of the universe”, 1902. the motion of granular materials?”
John Hecht: “How can we apply

this to industrrial segregation
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Questions?

Can we predict segregation?
Can we prevent segregation?
/ Can we understand segregation?

Can we understand segregation of fine particles?

1. Predict seqgreqgation 2. Prevent segregation 3. Particle level forces 4. Fine particles
dc; dc; ¢ 0 B Mixing dependson R, I
E"‘”a"'wg"'&(wseg,ici) =V-(DV¢) R,, and ¢ P ol v oW v v S'nk_ Single
% w v v v v v intruder
Wseg,i = Sy(1—¢;) W!v‘ﬂ- Aﬁv vV UYWY Y

Equal volume particles
mix regardless of shape

T i
¢ O GRS
g N

10 104 102 100 102

Re; = pdw;n

C,=2F /(pw?4)
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