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Complexity in model systems Simplified industrial dispersions

Analytical, structural and rheological
methods tailored to interrogate structure

thixotropy

stress deconvolution
4D-imaging local scale forces (OT/CP-AFM)

+ ability to systematically vary features and interactions
+ thermoreversible gels in particular yielding



outline

 Increased complexity of the building block 

 Elastoplastic behaviour 
 Modelling of elastoplasticity 
 Imaging of plastic events  

 CP-AFM and Optical Tweezers



parameter space



Soft Materials Laboratory

Remember :  
Rough particle gels delay yielding

𝜙

• Thermoreversible gel  
• Outer diameter: 300 nm 
• Octadecyl brush 
• In tetradecane 
•  𝜙 = 0.15



Article 1 : Single particle / colloidal probe AFM / adhesion and sliding friction 
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Müller, F. J., Ramakrishna, S.N., Isa, L., & Vermant, J., Langmuir 2025 -  https://pubs.acs.org/doi/full/10.1021/acs.langmuir.4c03602
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article 2  : Synergistic effects of Roughness and Shape?
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Muller et al., J Colloid Interface Sci, 2025  https://www.sciencedirect.com/science/article/pii/S0021979725006587  

https://www.sciencedirect.com/science/article/pii/S0021979725006587


Tuning Colloidal Gel Properties: The Influence of Central and Noncentral Forces 

18.05.2025 9

Particle aspect ratio :

• Smooth particle systems
• Elasticity is proportional to aspect ratio
• Increase bending rigidity in the local 

isostatic clusters
• Rough particle systems

• Homogeneous isotropic network 
structure

• Hindering of alignment
• Gel properties are less dependent on the 

aspect ratio

▪ Decouple elastic modulus 
and yield stress through surface 
roughness

▪ Increase the node stiffness in 
colloidal gels through aspect ratio 
and surface roughness



Article 3 : Modelling of there adhesive  interaction (with M. Bevan, JHU)
A thermoreversible modular core-shell colloidal model system: from synthesis to modeling

Figure 5: Characterization of the grafting density. a. TGA measurement of silica particles without functional groups (OH),
with secondary amines (NH), and with four di!erent grafting densities through variation of the added weight percentage of
octadecyl-alkynoate to the click-like reaction. b. XPS spectrum of the binding energy for secondary amines. c. Temperature ramp
of a 25 v% gel in tetradecane for the di!erent grafting densities of octadecyl on silica. d. grafting density calculated from the
TGA and the temperature at which the gel surpasses the elastic modulus of 100 Pa in the temperature sweep from a gel at 25
v%.

3.1.1. Tuning the grafting density

The grafting density, meaning the amount of grafting
agent per surface area, of the particles can be tuned quite
easily through the reaction conditions. Di!erent grafting
densities were achieved by varying the stoichiometric ratio
of the secondary amine groups and octadecane-alkynoate.
The following compares thermogravimetric analysis (TGA)
and X-ray photoelectron spectroscopy (XPS) to estimate the
amount of octadecyl on the particles. In this experiment, one
large batch of amine grafted silica particles was synthesized
(after keeping 50 mg as a control), and split into 4 di!erent
batches which were all grafted with di!erent amounts of
octadecyl. Therefore, the relative mass of the secondary
amine, should be equivalent in all samples. Figure 5a. shows
the TGA experiments, where the sample is heated to 900°C
and the weight loss is monitored. Octadecanol has a flam-
ing temperature of 210°C, and the curves representing the
octadecyl (OD) grafted silica particles show a clear drop in

mass around that temperature. All samples show a decrease
in mass between 150°C and 500°C, temperatures associated
with the degradation of organic compounds such as amine
and hydroxyl surface groups. At temperatures above 500°C,
the silica begins to calcinate, which means that unreacted
silanol groups inside the particle continue to react, this reac-
tion releases water and leads to further loss of the sample’s
mass [43, 44]. The grafting density of the octadecyl grafted
samples was calculated using the di!erence in relative mass
reduction from the TGA at 900°C (see appendix B).

Figure 5b. shows the XPS characterization of the same
samples as for the TGA analysis above. The amine peaks
clearly show that the control group that has not been grafted
(dark green) does not show a signal for the typical amine
binding energy. The amine grafted particles (without OD)
show the largest secondary amine peak, and as the grafting
density increases, the amine peak decreases, because the
surface gets increasingly covered with octadecyl. XPS is a

: Preprint submitted to Elsevier Page 6 of 13

a. TGA measurement 
b. XPS spectrum 
c. Rheology
d. Grafting density

Muller et al. manuscript to be submitted. 



Article 3 : Modelling of there adhesive  interaction (with M. Bevan, JHU)

Muller et al. manuscript to be submitted. 

VdW interaction of dense brushes insufficient to explain AFM results 
Force needed to account for chain-chain interactions between octadecyl ligandsA thermoreversible modular core-shell colloidal model system: from synthesis to modeling

Figure 6: Van der Waals potential computed via Lifshitz theory and model comparison with AFM measurements. (A) the
Hamaker functions for half-spaces interacting across a medium as computed by Lifshitz theory, using Eq. 15 and parameters
from Table C1. The layered system is o!set by 2𝜔 so that each function is referenced by the silica-silica separation distance (𝜀).
Insets show the layered system for which the Hamaker functions are computed. (B) the van der Waals potential computed from
the Derjaguin approximation between a sphere and a wall using the Hamaker functions in (A) with a power law fit (black line).
(C) force components (Eq. 2 (–), Eq. 3 at T = 278 K (.-)) and the resulting temperature-dependent superposition (Eq. (1)) at
5.5, 10, 15, 20, 25, 30, and 40 ⋛C. vertical dashed lines represent separation distances used to extract forces for comparison with
atomic force microscopy (AFM) measurements at z = 5.25 nm and z =0.5 nm. (D) comparison of the model potential with AFM
measurements as a function of temperature. Both measured forces for the approach (black circles) and retraction (grey circles)
of the AFM probes are presented with error bars corresponding to one standard deviation. Dashed lines represent forces extracted
from (C) at z = 5.35 nm (black) and z =0.5 nm (grey).

defined as the silica-silica separation distance, 𝜀. The van der
Waals potential for a particle interacting with a half-space
is computed for each Hamaker function (Fig. 6B), so as to
compare with AFM data, and fit to a power law.

Despite rigorous modeling of van der Waals via Lif-
shitz theory, the temperature-dependent superposition of the
forces (Eq. 1) as well as the individual force components
(van der Waals, Eq. 2 and chain-chain attraction, Eq. 3)
demonstrate that van der Waals attraction plays a relatively
insignificant role in mediating attraction at distances ap-
proaching contact in the octadecyl-silica system (Fig. 6C).

The weak attraction predicted by the Lifshitz theory explains
the colloidal stability at high temperatures, and because the
attraction according to Lifshitz theory is not temperature
dependent, it necessarily cannot explain the temperature
dependent attraction in this material system. This contrasts
macromolecular stabilizers that undergo significant dimen-
sional changes with changes in temperature dependent sol-
vent quality that produce temperature dependent van der
Waals in polymer stabilized dispersions [28]. The onset of
chain-chain interactions begins at 2𝜔, where the overlap
volume between neighboring chains is nonzero, and is the

: Preprint submitted to Elsevier Page 8 of 13

a. Hamaker functions
b. VDw forces between sphere and wall
c. Force curves
d. model versus calculations (approach/sep)



ART 4 : Universal Time-to-Failure Scaling in Colloidal Gels1

Figure 1: Startup flow measurements showing a complex thixotropic flow behavior.

Instead of constant strain rate (startup flow) experiments, plastic deformation can also be induced by129

means of creep experiments, which record the shear strain, ω(t), as a function of time, upon the application130

of a constant shear stress, ε0. Figure 2a shows curves of the creep compliance J(t) = ω(t)/ε0 at di!erent131

applied constant shear stresses, ε0, depicting well-known deformation regimes that can also be observed132

during creep in other materials. An initial transient primary creep regime is followed by secondary creep,133

characterized by a constant creep rate, the so-called “plateau creep rate”, ω̇p, which can be identified as134

the creep rate at the time where the slope in the double logarithmic graph of the compliance curve equals135

1Pa−1 s−1. Alternatively, ω̇p can be determined by the minimum in a so-called “Sherby-Dorn” plot, which136

shows the shear rate as a function of the shear strain (see SI, figure S1).137

Figure 2: Creep measurements of a ϑ = 0.25 gel. a. Creep compliance as a function of time. The dots mark
the instant where the creep rate is constant as the slope of the compliance curve equals 1Pa−1 s−1. b. Creep
strain as a function of time. Plastic failure occurs once the strain reaches a critical value of ωf = 0.007,
which determines the time-to-failure, tf .

Figure 2b shows that, after secondary creep, tertiary creep can develop depending on the applied shear138

stress. This regime is marked by accelerated deformation and is often accompanied by localization phe-139

nomena such as shear banding. In practical applications, this typically results in failure due to a loss of140
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Figure 4: The plateau-creep rate as a function of time-to-failure. The solid line is a guide to the eye with a
slope of −1 s−2 (linear regression gives for the slope: -0.9 ± 0.1 s→2, supporting the validity of the Monkman-
Grant relation for this colloidal system.

The similar—but reciprocal—dependence of both the plateau creep rate and the time-to-failure on the155

applied creep stress implies a reciprocal relationship between time-to-failure and the plateau creep rate. This156

is confirmed in Fig. 4, which shows a slope of −1 s−2 in a double-logarithmic plot of time-to-failure versus157

plateau creep rate, thereby validating the applicability of the Monkman-Grant relation for this colloidal158

system, given as:159

tf · ω̇p = ωc (2)

Her ωc is a constant, which has the meaning of a critical plastic shear strain, accumulated during plateau160

creep. For this gel system ωc → 0.003. It should be noted that this critical strain is smaller that the critical161

failure strain ωf = 0.007, as it does not include the plastic deformation accumulated during primary and162

tertiary creep. Combining Eqs. 1 and 2, then gives the time-to-failure during creep as a function of the163

applied creep load:164

tf (ε0) =
ωc

ω̇p(ε0)
=

ωc

ω̇0 sinh

(
ε0

ϑ0

) (3)

Together with the Eyring constants ϑ0 and ω̇0, determined from Fig. 3, this relation allows for the165

prediction of the time-to-failure during creep as a function of the applied creep load ε0.166

Conclusion167

This study applies continuum-mechanical concepts - traditionally used for dense materials like metals and168

plastics - to investigate the creep behavior of fragile, weakly aggregated colloidal gel networks. By controlling169

the surface roughness of the primary colloidal particles, we induce interlocking and introduce non-central170

interparticle forces in addition to the central forces driving aggregation. These non-central forces hinder171

local rearrangements and yield a sharper elastic-to-plastic transition than is commonly observed in gels172

composed of smooth particles [24]. The resulting three-stage creep behavior includes a well-defined primary173

7

creep, a constant-rate secondary (plateau) creep, and a tertiary creep marking an accelerating deformation174

that culminates in failure. Both the time to failure and the plateau-creep rate depend non-linearly on the175

applied stress and can be described by an athermal Eyring model. The resulting power-law dependence of176

the time-to-failure on the applied stress closely mirrors the behavior reported for solid polymers [9, 11, 28],177

metals [29] and hydrogels [11] (see figure 5).178

Figure 5: Time to plastic failure during creep deformation as a function of applied equivalent creep stress
for many material systems: 1CrMoV steel [29], L-polylactic acid (PLLA), LD-polylactic acid (PLDLLA),
polycarbonate (PC) [9, 28], a hydrogel [11], a cassein milk gel [30], and the colloidal gel described in this

research. The equivalent creep stress ωeq is defined as ωeq =
√

1
2 tr(ω

d · ωd), where ωd is the deviatoric

Cauchy stress tensor. For tensile creep deformation with creep load εt
0, ωeq = ωt

0→
3
, while for shear creep

deformation, with creep load ε0, ωeq = ε0, assuming the normal stresses can be neglected.

Finally, we show that the well-known Monkman–Grant relation—which posits that failure occurs once179

the accumulated plastic strain during plateau creep surpasses a critical threshold—also applies to fragile180

colloidal gels. Demonstrating this universality in such weak particulate systems may inform strategies to181

predict and mitigate catastrophic plastic collapse in naturally occurring contexts, including soil liquefaction182

and avalanches. More broadly, the persistence of this material law across fundamentally di!erent classes of183

matter, from delicate colloidal gels to robust metals and polymers, underscores a remarkable universality in184

the transition from stable to unstable plastic deformation.185
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Projects and goals

Multimode model 

• Interplay between the 
activation function and the 
linear relaxation spectrum 

• Use LAOS measurement 
as test for the model 

Gel sedimentation 

• Real case application of the 
model 

• Predicting slowing 
changing “solid” like 
movement 

Tensorial model 

• Validating the tensorial 
extension of the model 

• Predicting complex flow 
protocols 



A typical yield stress fluid

16

be represented in three equivalent ways. First, by depicting the steady-state flow stress as

a function of the applied shear rate (Fig. 4), second by plotting the steady-state viscosity

as a function of applied shear rate (Fig. 5), and third by plotting the same viscosity as a

function of the measured steady-state flow stress (Fig. 6). From Fig. 4, it is immediately

clear that the single relaxation time Eyring model will not be able to describe these data,

as it is well-known that the Eyring model appears as a straight line on a semi-logarithmic

plot of the flow stress versus strain rate.42
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Figure 4. Steady-state flow stresses of Carbopol® as a function of the applied shear rate. The dots

are the experimental values, the lines are calculated from the best fit of the Ree-Eyring model (black

line), and the power-law model (dotted red line) to the viscosity as a function of stress (Fig. 6). For

comparison, also the best fit of the the Herschel-Bulkley model is shown (dash-dotted green line).
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Figure 6. Steady-state shear viscosity of 0.5wt% Carbopol 940® in water as a function of shear

stress. The dots are the experimental values, the line is the best fit of the Ree-Eyring model (Eq. 11)

and the dashed red line is the best fit of the powerlaw model (Eq. 7).

From figure 5, it can be seen that the viscosities, to a good approximation, appear to

depict a power-law dependence on the shear-rate over the experimental range of shear-rates

used. Therefore, using this representation would only allow an accurate determination of

the power-law index n. Better fitting opportunities are provided by both the stress as a

function of shear-rate (Fig. 4) and the viscosity as a function of stress (Fig. 6). In what

follows, fitting was performed on the viscosity as a function of stress, using Eqs. 11 and 7,

for the Ree-Eyring and power-law model, respectively (see Fig. 6). The material parameters

determined were then used to calculate both the flow stress and the viscosity as a function

of shear-rate, by applying Eqs. 10, 11 and 7, using the relations �(�̇eq) = ⌘ (�̇eq) �̇eq and

�0 = ⌘0�̇0. Comparing the power-law and Ree-Eyring model, it can be seen in Fig. 6 that

the Ree-Eyring function provides the best fit to the experimental data and will thus be used

in what follows. The Ree-Eyring parameters determined from the fit of Eq. 11 on Fig. 6 are

�01 = 1.29Pa, �02 = 3.2Pa, ⌘01 = 2.0 ⇥ 1015 Pa s and ⌘02 = 6.30 ⇥ 104 Pa s, from which it

can be calculated, using Eq. 11, that �̇01 = 6.4⇥ 10�16 s�1 and �̇02 = 8.3⇥ 10�2 s�1.

It should be noted that the available viscosity data as depicted in Figs. 5 and 6, do not

allow for an accurate determination of the zero-shear viscosity, as neither the viscosity as

15

which was later extended to a full three-dimensional constitutive description of the yielding

process more from the perspective of plasticity.18 Fielding 19 presented a detailed mesoscopic

elasto-viscoplastic equation based on the soft glassy rheology model,20 which was shown to

capture many aspects of the linear and nonlinear viscoelastic behavior of soft glassy materi-

als, with a focus on rheological aging, and also pertains to a class of elastoplastic models.21

It is the objective of this study to develop a finite three-dimensional macroscopic phe-

nomenological constitutive model that describes linear and nonlinear viscoelastic behavior,

including the transition to shear-rate dependent yielding, of a typical simple yield-stress

fluid, Carbopol, without relying on the use of an explicit yield stress. Rather, well known

concepts from plastic flow of amorphous materials are used to describe the stress activated

flow of a dense suspension, without as yet dealing with the full behaviour of elastoplastic ma-

terials in general. The conjecture is that Carbopol® dispersion can be an ideal viscoplastic

fluid, in which stress-activated events relax the stress. We interrogate the stress activation

through scaling of creep experiments and use independent measurements of how the stress

activates relaxations during flow by using orthogonal superposition rheometry. The pro-

posed macroscopic phenomenological constitutive equation starts from a simple nonlinear

viscoelastic model using a stress-dependent relaxation time to capture the effects of stress

on plastic flow and will be shown to be easily generalized to a full finite three-dimensional

non-linear viscoelastic consitutive equation.

THEORY

A commonly used constitutive description of yield-stress fluids, such as dense microgel

suspensions (swollen Carbopol® microgel particles dispersed in water), is the Herschel-

Bulkley equation,6 describing nonlinear power-law flow behavior at a shear rate �̇ when the

shear stress � is larger than the Herschel-Bulkley yield stress �y as:

� = �y +K�̇n, � � �y (1)

where the material parameters K and n are known as the consistency index and flow index,

respectively.

The Herschel-Bulkley equation implicitly states that the viscosity of the material becomes

infinitely large when the strain rate approaches zero. However, above the yield stress at

3

to an increasing plastic shear rate �̇p and, finally, to a fully developed plastic flow, defined

by an elastic shear rate that becomes zero during the experimental time-frame. The yield-

ing condition of zero elastic shear rate can then be used to experimentally determine the

stress-dependent viscosity during plastic flow. It should be noted, that in the limit of low

stress this model reduces to a linear viscoelastic Maxwell model, implying there is always

plastic flow as long as the stress is nonzero.

In essence, Eqs. 12a-12d describe a non-linear Maxwell model with a stress-dependent

relaxation time ⌧(�eq):

⌧(�eq) =
⌘(�eq)

G
=

⌘0a(�eq)

G
=

⌘0
G
a�(�eq) = ⌧0a�(�eq), (13)

where ⌧0 is the constant relaxation time at low equivalent stress. From this it follows that

a� describes the stress-dependence of the relaxation time ⌧ or, in other words, stress-induced

mobility, the use of which is sometimes also referred to as “stress-clock materials”.46

In what follows, this model will be applied to a dense microgel suspension (a particular

grade of Carbopol® microgels) as an example of a yield-stress fluid, and some implications of

the proposed model will be discussed, including a full three-dimensional elasto-viscoplastic

constitutive formulation, valid for both finite (large) elastic and plastic deformations.

III. MATERIALS AND METHODS

A batch of 0.5wt% Carbopol®940 in water was prepared following a protocol adapted

from Varges et al.47 Briefly, dry powder (4 g) of Carbopol®940 (Acros Organic) was sieved

using a stainless steel coarse sieve (mesh size: 1mm2, Ikea), and added to 790 g of MilliQ

water while continuously stirred at 800 rpm. The stirring was conducted in a Heidolph

RZR2100 mixer motor with a Rushton six-bladed turbine (diameter: 53mm, power number:

⇠ 0.12, and pumping number: 0.72). This mixture was stirred for 20min at 800 rpm after

which it was let to rest for 30min. 6 g of triethanolamine (TEA) from Sigma-Aldric (99%

purity) was added to the mixture while gently stirring at 240 rpm. Once TEA was added,

the mixture was kept stirring at 240 rpm for three days to ensure homogeneity of the batch.

After one day of mixing, two 45� pitched blade turbine (diameter: 40mm, power number:

⇠ 0.53, and pumping number: 0.79) were added to the set up. Evaporation was limited by

wrapping the vessel with Parafilm and placing two gaskets on the impeller shaft on opposite

11
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is different from how it is defined in the rheological literature, where, especially in relation

to the Herschel-Bulkley model, the term “yield stress” typically is reserved for the limiting

value of the flow stress at low shear rates, below which it is assumed there is no plastic

deformation (and even elastic deformation is often ignored). To avoid confusion we have

chosen to use the term “Herschel-Bulkley yield stress” to refer to this rheologically-defined

yield stress, obtained by extrapolation of the flow stress to zero shear rate.

The evolution equations, Eq. 12a-12d, depict a standard nonlinear viscoelastic formula-

tion of the rate-dependent yielding of a solid material without the need for a yield criterion.

At low stress levels, �eq ⌧ �0, as the stress-shift factor a� = 1, the viscosity equals ⌘0,

which is typically high, resulting in predominantly elastic behavior. At higher stress levels,

the stress-dependent viscosity rapidly decreases non-linearly towards lower values, leading

to an increasing plastic shear rate �̇p and, finally, to a fully developed plastic flow, defined

by an elastic shear rate that becomes zero during the experimental time-frame. The yield-

ing condition of zero elastic shear rate can then be used to experimentally determine the

stress-dependent viscosity during plastic flow. It should be noted, that in the limit of low

stress this model reduces to a linear viscoelastic Maxwell model, implying there is always

plastic flow as long as the stress is nonzero.

In essence, Eqs. 12a-12d describe a non-linear Maxwell model with a stress-dependent

relaxation time ⌧(�eq):

⌧(�eq) =
⌘(�eq)

G
=

⌘0a(�eq)

G
=

⌘0
G
a�(�eq) = ⌧0a�(�eq), (13)

where ⌧0 is the constant relaxation time at low equivalent stress. From this it follows that

a� describes the stress-dependence of the relaxation time ⌧ or, in other words, stress-induced

mobility, the use of which is sometimes also referred to as “stress-clock materials”.44

In what follows, this model will be applied to dense microgel suspensions (Carbopol®

microgels) as model yield-stress fluids, and some implications of this model will be discussed,

including a full three-dimensional elasto-viscoplastic constitutive formulation, valid for both

finite elastic and plastic deformations.

MATERIALS AND METHODS

A batch of 0.5wt% Carbopol 940® in water was prepared following a protocol adapted

from Varges et al.45 Briefly, dry powder (4 g) of Carbopol 940® (Acros Organic) was sieved

9

especially at n ⇡ 0.1, the shape of the two curves is quite similar, which means they can be

made to approximately overlap by selecting the appropriate �0 value.

Fig. 1 also shows that using the Ree-Eyring function it is possible to introduce additional

plateaus in the viscosity as a function of stress. There is another viscosity model that allows

for this feature, which is the SMD-model from Souza Mendes and Dutra 39 , which was used

in a strain-dependent elasto-viscoplastic model.40

Having obtained appropriate stress-dependent viscosity functions, we can now start by

formulating a simple one-dimensional nonlinear viscoelastic constitutive equation of an ideal

viscoplastic fluid for finite simple shear deformation. Later we will expand this to a full

three-dimensional description. For simple shear deformation, the equivalent stress equals

(the absolute value of) the shear stress �. At constant temperature, a standard nonlinear

viscoelastic description then follows below:28,29,41

� = G�e (12a)

�̇e = �̇ � �̇p (12b)

�̇p =
�

⌘(�eq)
(12c)

⌘(�eq) = ⌘0a�(�eq) (12d)

�eq = |�| (12e)

Here, G is the elastic shear modulus, �e is the elastic shear strain, �̇e and �̇p are the elastic

and plastic shear rate, respectively, and a�(�eq) is the stress-dependent shift factor based on

one of the three viscosity models discussed: the power-law, the Eyring or the Ree-Eyring

model (although other models, such as the SMD-model, are possible as well).

In contrast to the Herschel-Buckley model, this nonlinear viscoelastic approach allows for

simultaneous elastic and stress-activated plastic deformation. During start-up flow with a

constant applied shear rate, the accumulation of elastic strain reduces as the plastic shear

rate increases. In the solid-state polymer plasticity literature, the yield stress in case of ideal

plasticity (no strain hardening or strain softening) is then defined as the stress at which the

elastic shear rate becomes zero and the applied shear rate equals the plastic shear rate.42

During plastic flow, the stress is then per definition equal to the yield stress, which might

be pressure, temperature and strain-rate dependent, see, for example, Bauwens-Crowet,

Bauwens, and Homès 43 . Interestingly, this elasto-viscoplastic definition of the yield stress

8
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Figure 1: The shift factor a� = ⌘(�eq)/⌘0 for a stress-dependent power-law fluid (Eq. 7) as

a function of �eq/�0 for various values of the power-law index n. The dotted red line is the

shift factor a� according to the Eyring equation (Eq. 9) and the dot-dashed blue line

represents the Ree-Eyring function (Eq. 11).

flow stress is dominated by one process, whereas at higher strain rates, the flow stress equals

the sum of both processes.

Strictly speaking, in contrast to a single Eyring model, the Ree-Eyring model cannot be

inverted to a stress-dependent viscosity function, as both processes experience different parts

of the total stress. However, with suitable approximations, a stress-dependent approximation

of the Ree-Eyring viscosity, ⌘RE(�eq) can be formulated as:38,39

⌘RE(�eq) = ⌘RE
0

0

@
✓

⌘01
⌘RE
0

◆
⇣�eq

�01

⌘

sinh
⇣�eq

�01

⌘ +

✓
⌘02
⌘RE
0

◆
⇣�eq

�0

⌘

sinh
⇣�eq

�0

⌘

1

A = ⌘RE
0 aRE

� (�eq),

where �0 = �01 + �02, �̇01 =
�01

⌘01
, �̇02 =

0

@⌘02 �̇

⇣
�01
�0

⌘

01

�0

1

A

⇣
� �0

�02

⌘

and ⌘RE
0 = ⌘01 + ⌘02

(11)

It should be noted that Eq. 11 is a single viscosity expression, in which both structural

relaxation processes experience the same stress and strain rate. As such, it is fundamentally

different from the original Ree-Eyring model, Eq. 10, where each process experiences a

8
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Figure 1: The shift factor a� = ⌘(�eq)/⌘0 for a stress-dependent power-law fluid (Eq. 7) as

a function of �eq/�0 for various values of the power-law index n. The dotted red line is the

shift factor a� according to the Eyring equation (Eq. 9) and the dot-dashed blue line

represents the Ree-Eyring function (Eq. 11).

flow stress is dominated by one process, whereas at higher strain rates, the flow stress equals

the sum of both processes.

Strictly speaking, in contrast to a single Eyring model, the Ree-Eyring model cannot be

inverted to a stress-dependent viscosity function, as both processes experience different parts

of the total stress. However, with suitable approximations, a stress-dependent approximation

of the Ree-Eyring viscosity, ⌘RE(�eq) can be formulated as:38,39
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It should be noted that Eq. 11 is a single viscosity expression, in which both structural

relaxation processes experience the same stress and strain rate. As such, it is fundamentally

different from the original Ree-Eyring model, Eq. 10, where each process experiences a

8

Pagani et al. J. Rheol, 2024
Bonnecaze, R. T., Khabaz, F., Mohan, L., & Cloitre, M. (2020). Excess entropy 
scaling for soft particle glasses. Journal of Rheology, 64(2), 423-431.

Eyring, H. (1936). Viscosity, plasticity, and diffusion as examples of absolute reaction rates.
 The Journal of chemical physics, 4(4), 283-291.
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temperature superposition (where it is assumed that all relaxation times have the same

temperature dependence). If in the present case a time-stress superposition holds, it should

be possible to build a creep mastercurve using creep tests performed at different stress levels

(see Fig. 6) by horizontal shifting along a logarithmic time axis. This is shown for the

Carbopol® formulation used in this study in Fig. 7. In this figure, the reference stress for

the master curve was chosen as 20Pa. As can be seen, creep curves measured at higher

stresses than 20Pa, shift to longer times (to the right), while creep curves measured at lower

stresses than 20Pa would shift to shorter times (to the left). All curves overlap relatively

smoothly to form a creep compliance mastercurve that spans close to 14 (!) decades. Shift-

ing was performed according to the closed form shifting (CFS) algorithm from Gergesova

et al. 54 . This algorithm avoids the ambiguity generated by other procedures, e.g. manual

shifting or preliminary curve fitting of the experimental data, through a minimization of the

area between two data sets at different applied stress. The authors of the paper showed the

reliability of their algorithm estimating an error of few percent when applied to experimental

data with up to 15% noise.

101 102 103

10-2

10-1

100

101
 σ=125Pa   σ=60Pa   σ=30Pa
 σ=100Pa   σ=55Pa   σ=25Pa
 σ=90Pa   σ=50Pa   σ=20Pa
 σ=80Pa  σ=45Pa
 σ=75Pa   σ=40Pa
 σ=70Pa   σ=35Pa

J(
t) 

(1
/P

a)

t (s)

Increasing stress

Figure 6: Creep compliance (J(t)) curves recorded at increasing stress (�) levels from 20Pa

(lowest curve) to 125Pa (top curve).
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 σ=90Pa   σ=40Pa
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Figure 7: Creep compliance (J(t)) mastercurve at 20Pa obtained by horizontal shifting (solid

lines). The experimental creep compliance curves are presented by dash-dotted lines.

It should be noted that the creep compliance mastercurve in Fig. 7 is a virtual curve that

does not take into account potential molecular relaxation and inertia effects at very short

times and possible effects of physical aging at long times.55 In reality, especially physical

aging during a true experimental creep test over long time scales, possibly accelerated by

the application of small stress, could make an experimental creep compliance curve deviate

considerably from the virtual creep compliance mastercurve depicted in Fig. 7.10–12 It should

also be noted that the true virtual linear creep compliance mastercurve can now be obtained

by shifting the mastercurve at 20Pa in Fig. 7 to the right by an amount of 1/aRE
� (20Pa).

During creep experiments in shear, the equivalent stress �eq equals the absolute value

of the applied shear stress �. If all relaxation times follow the same stress dependence as

described by Eq. 11, then the (positive) horizontal shift (equal to � log a(�)�ref) from a creep

curve recorded at a (high) given stress � to a master creep curve for a (low) reference stress

�ref, for the Ree-Eyring model, is given by:

log aRE(�)�ref = log

✓
aRE
�

aRE
�ref

◆
= log

 �/�01

sinh(�/�01)
+ c12

�/(�01+�02)
sinh(�/(�01+�02))

�ref/�01

sinh(�ref/�01)
+ c12

�ref/(�01+�02)
sinh(�ref/(�01+�02))

!
, c12 =

⌘02
⌘01

(14)
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 Pagani, G., Hofmann, M., Govaert, L. E., Tervoort, T. A., & Vermant, J. (2024). No yield stress required: Stress-activated flow in simple yield-stress fluids.
 Journal of Rheology, 68(2), 155-170.
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Constitutive model
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3D model
𝝈𝑑 = 𝐺𝑩𝑑

𝑒

𝐷𝑡(𝑩𝑒) = (𝑳 − 𝑳𝑝) ∙ 𝑩𝑒 + 𝑩𝑒 ∙ (𝑳 − 𝑳𝑝)
𝑇

𝜎𝑒𝑞 = 𝑓(𝝈)

𝑳𝑝 =
𝝈𝑑

2𝜂(𝜎𝑒𝑞)

𝜂(𝜎𝑒𝑞) = 𝜂0𝑎𝜎(𝜎𝑒𝑞)

: plastic velocity-gradient tensor𝑳𝑝
: isochoric left-Cauchy-Green strain tensor𝑩𝑒
: deviatoric part of tensor 𝑨𝑑 𝑨

Objective and thermodynamically 
admissible tensorial model 

Multiple levers to adapt the model to 
the material studied: 

1. Equivalent stress definition 

2. Activation functions 

3. Linear relaxation spectrum 

Tervoort, J Rheol, 1996



Gabriele Pagani

0 1 2
0

20

40

60

80

100

 Data
 Predicted stresses

γ = 0.01 s-1

σ
 (P

a)

γ (-)

14/04/2025

Parametrization relaxation spectrum

20

Using the integral formulation of the 
model it is possible to extract of the linear 
relaxation modulus from a transient start-
up

Integral shear model

          

𝜎(𝑡) =
𝑡

∫
−∞

𝐺(𝜓 − 𝜓′￼)𝛾̇(𝑡′￼)𝑑𝑡′￼

𝜓 =
𝑡

∫
−∞

𝑑𝑡′￼′￼
𝑎𝜎(𝜎(𝑡′￼′￼))

𝜓′￼=
𝑡′￼

∫
−∞

𝑑𝑡′￼′￼
𝑎𝜎(𝜎(𝑡′￼′￼))

Schapery, Polymer Engineering & Science, 1969
Van Breemen, J Mechs Phys Solids, 2011
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Parametrization relaxation spectrum

21

Linear relaxation modulus extracted by 
transient response during Start-Up 
experiments 

Fractal maxwell liquid (FMM) model 
explain the behaviour of the material at low 
frequency 

Loss moduli poorly predicted at high 
frequency indicate an additional 
dissipation 
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Comparison with different models (TCC)
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1. TCC model                            Discontinuity 

Three component (TCC) model Caggioni, J Rheol, 2020 
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Comparison with different models (TCC, KH)
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1. TCC model 

2. KH model 

Discontinuity 

Stress  
overestimation 

Kinematic Hardening (KH) model Dimitriou, J Rheol, 2013 
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Conclusion – Multimode model
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Physic informed model 

Linear and non-linear regime can both 
be expressed as a function of physical 
knowledge 

Simple model for EVP 

Modified maxwell model with a stress-
activated plastic viscosity 

Intuitive fitting 

Model fitting is performed on standard 
and quick experiments  
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Projects and goals
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Multimode model 

• Interplay between the 
activation function and the 
linear relaxation spectrum 

• Use LAOS measurement 
as test for the model 

Gel sedimentation 

• Real case application of the 
model 

• Predicting slowing 
changing “solid” like 
movement 

Tensorial model 

• Validating the tensorial 
extension of the model 

• Predicting complex flow 
protocols 
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Constitutive model

3D model
𝝈𝑑 = 𝐺𝑩𝑑

𝑒

𝐷𝑡(𝑩𝑒) = (𝑳 − 𝑳𝑝) ∙ 𝑩𝑒 + 𝑩𝑒 ∙ (𝑳 − 𝑳𝑝)
𝑇

𝜎𝑒𝑞 = 𝑓(𝝈)

𝑳𝑝 =
𝝈𝑑

2𝜂(𝜎𝑒𝑞)

𝜂(𝜎𝑒𝑞) = 𝜂0𝑎𝜎(𝜎𝑒𝑞)
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: plastic velocity gradient tensor𝑳𝑝
: isochoric left-Cauchy-Green strain tensor𝑩𝑒
: deviatoric part of tensor 𝑨𝑑 𝑨

Objective and thermodynamically 
admissible tensorial model 

Multiple levers to adapt the model to 
the material studied: 

1. Equivalent stress definition 

2. Activation function 

3. Linear relaxation spectrum 

Tervoort, J Rheol, 1996

Pagani,  
J Rheol, 2024
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Testing modes
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Uniaxial compressionSimple shear

𝜎𝑚 = 𝜎𝑧 = 𝜎𝑧𝑧 −  𝜎𝑟𝑟

𝜎𝑚 = 𝜎12

𝑁1 =
𝜎122

𝐺

Von-Mises stress

𝜎𝑉𝑀 = 3𝐽2 = 𝜎𝑧 = 3𝜎12

Engmann, J.NN. Fluid. Mech., 2005
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Simple shear
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Normal force

• Statistics needed due to the noise 

during normal force measurements 

• Trend captured by the model 

prediction 
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Slip control
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Slip promotion

• Perfect slip is needed to properly 

have uniaxial compression 

• A polymer coating was developed to 

increase wall-slip 
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Uniaxial compression
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σ
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 Uniaxial compression
 Simple shear

Uniaxial compression

• Yielding stress captured by the 

model 

• Carbopol show strain hardening  

Von-Mises stress
𝜎𝑉𝑀 = 𝜎𝑧 = 3𝜎12

83 Pa 139 Pa 147 Pa
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Conclusion – Multimode model
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Slip control 

A polymer coating was designed that 
actively promote slip during mechanical 
testing 

Tensorial model 

The testing the model on different 
deformation protocols show the 
generalizability to arbitrary flows 
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Projects and goals
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Multimode model 

• Interplay between the 
activation function and the 
linear relaxation spectrum 

• Use LAOS measurement 
as test for the model 

Gel sedimentation 

• Real case application of the 
model 

• Predicting slowing 
changing “solid” like 
movement 

Tensorial model 

• Validating the tensorial 
extension of the model 

• Predicting complex flow 
protocols 
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𝐻𝑜

𝐻

0

𝑢𝑧

Assumption for simplification

𝐵𝑧𝑧, 𝜎𝑧𝑧

Uniaxial compression

𝛼(𝑡, 𝑧) =  𝛼(𝑡)

Mass balance   𝜙 =
𝜙0

𝛼

Stress controlled deformation

Sedimentation of gels 

• Bentonite clays due to 
relevant industrial interest 

• Stress field given by 
gravitational field 
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𝐻𝑜

𝐻

0

𝑢𝑧

3D model
𝝈𝑑 = 𝐺𝑩𝑑

𝑒

𝐷𝑡(𝑩𝑒) = (𝑳 − 𝑳𝑝) ∙ 𝑩𝑒 + 𝑩𝑒 ∙ (𝑳 − 𝑳𝑝)
𝑇

𝜎𝑒𝑞 = 𝑓(𝝈)

𝑳𝑝 =
𝝈𝑑

2𝜂(𝜎𝑒𝑞)

𝜂(𝜎𝑒𝑞) = 𝜂0𝑎𝜎(𝜎𝑒𝑞)
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𝐻𝑜

𝐻

0

𝑢𝑧

3D model
𝝈𝑑 = 𝐺𝑩𝑑

𝑒

𝐷𝑡(𝑩𝑒) = (𝑳 − 𝑳𝑝) ∙ 𝑩𝑒 + 𝑩𝑒 ∙ (𝑳 − 𝑳𝑝)
𝑇

𝜎𝑒𝑞 = 𝑓(𝝈)

𝑳𝑝 =
𝝈𝑑

2𝜂(𝜎𝑒𝑞)

𝜂(𝜎𝑒𝑞) = 𝜂0𝑎𝜎(𝜎𝑒𝑞)

Simplified model 
𝜎𝑧𝑧 = 𝑓(𝑧)

𝜎𝑒𝑞 =
1
2

𝜎𝑧𝑧

𝜀̇𝑝 =
𝜎𝑧𝑧

2𝜂(𝜎𝑒𝑞)
𝛼̇
𝛼

= 𝜀̇𝑝

𝐻(𝑡)
𝐻0

= 𝛼(𝑡)
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Characterization 

• Model characterization 
from “solid” response 

• Combination of creep and 
amplitude sweep 
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First attempt 

• Analytical solution 
obtained by assuming a 
constant effective stress 

• Parametrization from flow 
curve 



outline

 Increased complexity of the building block 

 Elastoplastic behaviour 
 Modelling of elastoplasticity 
Imaging of plastic events  

 CP-AFM and Optical Tweezers
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Colombo et al. Industrial & Engineering Chemistry Research (2025) https://pubs.acs.org/doi/full/10.1021/acs.iecr.4c03873 

https://pubs.acs.org/doi/full/10.1021/acs.iecr.4c03873
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1 s-1

(2x)

5 s-1

Colombo et al. Industrial & Engineering Chemistry Research (2025) https://pubs.acs.org/doi/full/10.1021/acs.iecr.4c03873 

10 s-1 50 s-1

https://pubs.acs.org/doi/full/10.1021/acs.iecr.4c03873
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Experimental setup

15.05.24 41

High speed fluorescence camera 
100 FPS full frame resolution (4MP) 

Confocal scanner 
1000 FPS full frame 

Stress-controlled rheometer 

Colombo et al., Korea-Aust. Rheol. J. 31, 2019

Focus-tunable lens 
Scan range : 10µm 

2 VPS with 300 nm z-resolution

Flow reversal experiment 

1%
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Microstructure evolution analysis methods
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Adapted Crocker and 
Grier method for the 
detection of spherical 

objects in complex 
background 

U. Gasser et al., Optics Express 2021

10 µm

15 µm

Optical flow 

Particle tracking

Application of 2D 
Farneback algorithm in 
each plane followed by 

reconstruction of the 3D 
optical flow vectors 

G. Farneback, Proceedings of the 13th 
Scandinavian Conference on Image Analysis, 

2003.
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Generation and detection of the mecanisms of plasticity 

14.05.25 43

Falk and Langer, Phys. Rev. E. 57, 1998

Forcing the gels to enter the plastic 
regime

Using a metric of local plasticity at 
the particle level

𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧}2 𝑛 ∈  𝐸𝑁
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A closer look at the observable rearrangements

14.05.25 44

,  𝜙 = 45%,  𝑈𝑑𝑒𝑝 = − 15𝑘𝑇,  𝛾̇𝑠𝑒𝑡 = 1.10−3𝑠−1 𝛾̇𝑟𝑒𝑎𝑙 = 5 . 10−4𝑠−1
PMMA-g-PHSA depletion gel

Isolation of particles involved 
in the rearrangement

t : 99s
 : 2%𝛾

Coordination 
analysis shows this 

rearrangement 
happen at a weak 

spot…

…and that the 
particle move in 

the vorticity 
direction 

in preparation
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Measuring stress activation curves with optical flow
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Measuring non-affine zones 
characteristics with high order 

motion analysis

Applying creep at different stresses
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Non-affine activity at 50 mPa
𝜙

𝑈𝑑𝑒𝑝

20% 30% 45%

−14𝑘𝑇

−27𝑘𝑇

−45𝑘𝑇
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Non-affine activity zone size distribution at 50 mPa
𝜙

𝑈𝑑𝑒𝑝

20% 30% 45%

−14𝑘𝑇

−27𝑘𝑇

−45𝑘𝑇
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Rearrangements, configurations, metastability 

14.05.2025 1

•  Increasing the interparticle potential, lowers the coordination number.
• Crowding with particle needs more material.

The forces in contact can lead to a difference in aging and shear deformation

Whitaker, Kathryn A., et al. Nature communications 10.1 (2019): 2237.

Formation of spanning network

-G(r) 
-Cooperative effects 

Contact forces

𝜹+𝜹+ 𝜹−𝜹−

Van der Waals 
forces

Electrostatic forces

Steric hindrance 

Interparticle forces

Assembly Thixotropic and aging effects

Introduce force anisotropy to dictate assembly process

Rheological properties Cluster properties



Bending experiments of linear aggregates using OT

Trapping of particles in DI water Moving to Salt bath 

Screening of electrostatic  forces

Bringing particles in contact

Once in contact Van der Waals forces take over

Removement of all but 3 traps Displacement of middle trap Displacement of colloids 
compared to laser position 
gives us insight into bending 
mechanics

Observation of failure/ yielding 
event in the chain



Influence of roughness on bending stiffness
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Central-forces  

Non-central forces  



Deformation mode in more complex arrangements
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Sliding Rolling Twisting

Observing failure of structure 
under tension

Histogram of the yielding events as 
a function of the bond number
in the 13 particles rods. 

F- Bonacci. “Contact and macroscopic aging in dense suspensions at the colloidal edge” Université Paris-Est, 2019
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